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1, Spherical and cylindrical detonation waves, converging respectively to a point or
to the axis of symmetry, are investigated, The usual assumptions are made :

1) the detonation wave is strong, i, e, the values of the pressure and internal energy
in the undisturbed fluid can be neglected in comparison with their values in the disturbed
gas ;

2) during the passage of the shock wave through the medium there is instantaneously
released an energy & , in /7% /sec2 (the magnitude of ¢ refers to unit mass) ;

3) the process in the disturbed fluid is polytropic with exponent Yy,

From the conditions for the conservation of mass, momentum, and energy at the deto-
nation wave [1 and 2] we have

vg = BD, pz =B p, D?, P = /(1 —B) (1.1)
1/
p= i+ [1—2a—na+ 0| =2 (1.2)
The equations for the one-dimensional motion of a gas have the form, in Eulerian
venabies P g? + po ar + =0, ?92 +e ar +o ar +2- (1.3)
(??f + Zr +p 6r + 7"1"’__0

Here v = 0 for the plane case, Vv =1 for the cylindrical one, and v= 2 for spherical
symmetry,

2, We investigate the case when the spherical or cylindrical detonation front con-
verges from infinity according to the rule
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ry == ap (—N)" (2.1
The motion is defined by the parameters @, , 0, 7", ¢, Y and V, From dimensional
analysis [3] it follows that in this case the motion will be self-similar with a single
dimensionless independent variable
A= rlry () (2.2
As dimensionless functions we take the ratios of the unknown functions ¥, 0, P to
their values at the detonation front

—o ()= ~:;— 8(h) = —;—2— w(h) = é;w (2.3)
= de == —na, (— )" (2.4

From the conditions (1, 1), (1. 2) at the detonation front,
— vy = agfn (=)™, Pz = pu/(1 — B), Py = Py an? Br¥(—)* ™ (2.5)

We will further assume that § = const in the convergence process, This condition
will be examined below, Converting Equations (1, 3) to the dimensionless variables in
(2. 2) and (2, 3), we get a system of three ordinary differential equations

oA +Bo)+ 1 —Bn —8o{(n—1)n=20
8§ (A + Po) 4 Bbw’ - vBw/A = O {2.6)
' (A + Bo) 4 Pynw’ — 20 (n — 1)/n -+ vBymw/A = O
with boundary conditions
@ (1) = —1, () =1, n(t)y=1 (2.7
How we can determine 72, will be examined in Section 4,

8, When the detonation front converges from infinity, the motion is defined by the
parameters § , P1, 7, £, Y and Vv,

For dimensional considerations the detonation front must travel with a constant velo-
city 'z =@1(=%), i e, in Equation (2, 1) it is necessary to put 72= 1, where Gl~fQ .

It is obvious that 8 = const for this case, Equations (2, 6) are written in the form
(for 7. =1) S’ (A +P) 4+ (1 —P) n’ =0

&8 (A + Bo) + Bbw’ < vBbw/A = 0 (3.1)
n’ (A 4 o) + Byne’ + vBysw/h = 0
The boundary conditions will be

o) = -1, s(y=1, n (1) =1 (3.2)
It is obvious that

n= 87 (3.3)

will be the integral of system (3, 1) (anaiogous to the isentropic integral),

Substituting (3, 3) into (3, 1), we get a system of equations relating 6 and W

S (A4 Po)o' 4y (1 — P8I =0 (3.4)

B0’ 4- (A 4 Pw) 8’ 4 BOw/A = 0

Solving the system (3, 4) for 6’ and w’, we have

da wBr(1—B) 8o ds vBr8o (A 4 Bo)

AT B — B — B8] AT T A[6(A+Bwr— B —B) 07
Furthermore

(3.5)
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) A+ Bo
(-2 2 3.6
¥ =Ty —p G5
The following can be said about the field of the integral curves of Equations (3.5)

(Fig. 1):
1) The lines A = 0 and W = 0 are integral curves;
2) Along the line A+ BW =0 we have

A dd dd do v
1 —ﬁ :0,&3 = 0(6 = const), -dj: = B (37)
/—:*\Km K 3) Along the line W= 0 we have
! .. d
— \\ 1 -?_% =0, §=_0o=const (3.8)
\V\\\ /—; It is easily seen, considering (3, 6) and the
I N ; boundary conditions (3, 2), that
< - L_2—B(1+1)
= + 8 =57 (3.9)
B A\ 0 2y(1—8)
) . On the line W= 0 we have a singular point
~~ with coordinate
T At =B (1 — )BT,
Fig, 1 Considering (1. 2) and (3, 9) ,
a(2—a)
A= ICEE] (3.10)

Hence it is evident that, even for arbitrary choice of & (giving up the Chapman-Jjou-
guet condition), it is impossible for the singular point to have the coordinate K‘ >1,

It is evident from the field of the integral curves (Fig. 1) that there is no integral curve
going from the point A=1, W=-1, =1 to infinity along A (a jump like BK gives
an expansion shock, and introducing such an additional jump in order to obtain a solution
is not permissible,

Thus, it is concluded that a self-similar solution does not exist for the case of detona-
tion waves converging with a constant velocity (the isentropic case), even if the Chapman-
Jouguet condition is given up.

This result was obtained by Landau and Staniukovich for the Chapman-Jouguet condi-
tion [4],

However, for divergent detonation waves with constant velocity, the solution exists
(the curve L M), as was first discovered by Ia, B. Zel'dovich [1 and 2],

4, Dimensional analysis does not help in determining the law for the converging
detonation front, We return to Equation (1, 2), in which & = 2 corresponds satisfactorily
to a shock wave without the release of energy @=0;:a=1 corresponds to the Chap-
man-Jouguet detonation regime, where the wave travels along characteristics in the dis-
turbed gas, .

In those cases when 0% > ¢ (the internal energy of the matter in the detonation front
is much greater than the released chemical energy, which corresponds to the sufficiently
accelerating detonation wave), we can assume O, = 2 and use the self-similar solution of
Guderley-Landau-Staniukovich [4],

We investigate the other extreme case (which js physically unreal), where Q.= 1 in the
convergence process, which insures the Chapman-Jouguet condition and the detonation
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wave travels along the charactensnc It is necessary for this that the energy yielded by
the front § be proportional to D° (or Do and Ts) ,i.e, @ must increase as the detona-
tion front accelerates, (The internal energy of the matter in the detonation front is of
the same order as the released chemical energy @ .)

While ¢ is not taken into account when using the Guderley-Landau-Staniukovich solu-
tion, its influence is now overestimated,

In this way we will seek the law for the convergence of the front as a characteristic
dividing the disturbed and undisturbed media,

We use the equations of steady, one-dimensional motion in Lagrangian variables

Ou dap p(l+w) p_(® Y
WEE=ar B=Tgarr e )

Here U is the displacement of a particle, The conditions on the detonation wave in

the Chapman-Jouguet regime are
D pr{r+1) pil?

(4.1)

o = T py == T , P2 = Y (4.2)
We put the first equation in (4, 1) in the form
Pu 8u
) =a¥(r, u, u ) HrE L b(r, u, u N (4.3)
Then the equations for the characteristics and the conditions on them are
dr = - adi, du; = + adu, 4 bdt (4.4)
From the third equation in (4, 1), using the second equation and the relations (4, 2), we
obtain - 1 (‘J’A )Y o1 D s
TR e VTR TS (4.5)
Differentiating (4, 5) and substituting into the first equation in (4. 1) we get
me_ 1y yD? o
o T+ AN\ 1) {4 w) (S u ) r) ore T
vyD? ur—u 2D dD
vy+1l 2 "" v )  dr (4.6)
(1+u)*(i+u/r} r (1—{—ur) A+ufr) r
Equating (4, 6) and (4, 3) we obtain
¥ Y+l D2 A7)
a2(r, u, ur)"-:(,rgri) (1+ur)711(1+ u/r)w ( .
1 b oY viD® (u,r —u) 2D dD
b ) = (7 1 [(1 R e e A
(4.8)
It was assumed above that the detonation wave travels along a characteristic, there-
fore ay () = a [r, 0, upe ()] = D () (4.9)
Considering (4, 7), we determine from this
e =1y + 1) (4.10)
. t
From (4, 8) and (4, 10) we ge oy D 9 iD
ba(ry=b{r, 0, ur2] = TR = ey ar {4.11)

For the characteristic which bounds the the quiescent gas we have

uggdt 4 Upedr = du = 0, or L N (£.12)
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Substituting (4, 12) into (4, 4) and using (4, 10) we have
F urodag = bydt (4.13)

Considering (4. 9) to (4.11) and (4, 4), we obtain that along the sought-for character-

istic LdD
3 ) +

Integrating this equation and noting that the velocity, being directed toward the center,
is taken as negative, we get

!
rYi-Tl = =0 (4.14)

A (=gt s _ A4
\D|:r2m m—m), or — -m =,
Integrating the last equation with the condition that 75 = 0 at £ = 0, we have
1 J(r41)
n=a 0" (= s @19

Thus the law for the converging detonation front is obtained in the form which was
looked for in Section 2, and furthermore the rela-
s tion between the similarity exponent 7, and Y and

] . e V is determined,

‘-'g"ﬂ

5. Having determined 72 (Y, V), we can solve
the system (2, 6) numerically with the boundary

A ‘e s e
N ‘ - conditions (2, 7). However, it is first necessary to
4

examine the character of the point A =1, W=—1,
- TM=1, §=1 which is the singular point, because

W

/ the boundary conditions on the detonation wave are
g2 specified along the characteristic,
As an example, one of the possible solutions is
7 shown in Fig, 2, which was obtained under the con-
\ dition
dh/do =0 for A=1 (8 = 1/A) (5.1)
\ | Modification of condition (5, 1) effects the inte-
\& gral curves very little, therefore the nature of the
singular point was not considered in the present

\\ paper,

feoi

6 . We compare the law obtained for the con~
verging detonation front (for brevity it will be
called "the solution with @ "), when & is taken too

Fig, 2 large in the process of the acceleration (¢ = 1),
and the convergence law in the Guderley-Landau-
Staniukovich solution, where & is not considered at all, i, e. the solution is strictly valid
only for =0 (x=2), I reality the value of . changes during the process of conver-
gence and 1 S = 2, From this point of view the results of Section 5 (the distribution
of U, D, P behind the front) can be compared with the solution of Guderley-Landau-
Staniukovich,

The similarity exponent 72 for the solution with & and for the Guderley-Landau-Sta-
niukovich solution in the case of cylindrical symmetry (V= 1) for ¥ = 1,4 is 0, 838
according to (4, 15) and 0, 834 according to [4], and for Y = 3 is respectively 0, 800

-f
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and 0, 810, Similarly, in the case of spherical symmetry (V= 2) for Y =1,4, 7 is
0,720 and 0, 717 and for ¥ = 3 it is respectively 0,667 and 0, 638,
From this data it is evident that the difference between the similarity exponents (con-
4 ¢  vergence rules) in the Guderley-Landau-Staniukovich
solution and the obtained solution with @ (for the
\\a region in which there occurs a real mean convergence
j\ \ N rule), is sufficiently small (especially for the case of

cylindrical symmetry, V= 1), Thus, even if the re-
leased chemical energy increases toward the center
according to the rule 1/ 7"; " this little affects the
convergence rule, When ¢ is constant at the front its
effect on the value of 7 in the convergence rule

A \
Uy Pz
, y Y20 \ N %0 ra=Qn(—t), is even less,
N
D
)

The strongest effect on the convergence rule for the
detonation front is due to the geometry ( V), a smaller

effect is due to the fluid exponent Y, and the effect of

P2 5 the chemical energy released in the wave front is weak;
P — ¢ determines the value of U, p, p in the detonation
0 ry/R M front(1.1) and (2.1).
Fig, 3 From the foregoing it seems possible to use the fol-

lowing approach to the non-self-similar problem of the
converging detonation front, started at certain initial radius R, and which has initiated
its own motion at the Chapman-Jouguet velocity

Dh=2(y—1DEF+1)Q (6.1)
Taking for the exponent 7 or /%7 a value from (4, 15) for the corresponding Y and v
(self-similarity was not used in Section 4), we have the following relations for the motion
of the front D R\™ vY
ﬁ; = < > , m = 7—_*__,1
Substituting the last expression into (1, 2) and using (1, 1), we obtain successively

o =1 - [1 . (_;-;—>2m1‘/z

L Ji)’" P (_ﬁf’" e T 6.3
vgo:a(rg ’ P F ’ po  YT— (¢ —1) (6.3)

Here Ugq, D2g. P3o are the values corresponding to the values in the Chapman-
Jouguet detonation regime for the specified Qo. The results for Y= 3, v=1 are shown
in Fig, 3,

The author thanks H, A, Rakhmarulin for guidance and valuable counsel, and also
K.l Kozorezov, B, V., Kuksenko, N, A, Talitskikh, K, P, Staniukovich and Ia, M, Kazh-
dan for helpful discussion,

(6.2)

Ta
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The problem of the steady-state acoustic oscillation is examined in a fluid the surface
of which is covered by an infinitely thin elastic body (a membrane, a plate, a shell),
Properties cf the cover are given by means of a differential operator of arbitrary order
with constant coefficients, A solution of the problem is formulated for arbitrary sources
(point or distributed) which are located both in the fluid and on the cover,

Notation

- pressure, J — extraneous body force in the fluid, 7 — extraneous surface force,
p — density of fluid, Py — density of covering material, | — surface density of cover-
age, £ — Young's modulus, J — Poisson's modulus, 7'— membrane tension, 2h—
thickness of coverage, W — circular frequency, 4 — wave number in the fluid,

The time factor ¢! is omitted everywhere ,

1, Formulation of the problem., Examples, Problem related to the
influence of thin elastic objects (membranes, plates, shells) on acoustic processes in a
fluid are at present of urgent interest, Mathematical boundary value problems which
arise in the investigation of such effects as a rule have a specific feature : differential
operators which are involved in the definition of boundary conditions have a higher order
than the order of the equation itself,

Let the lower half-plane /> 0 be filled with a compressible fluid, Processes in this
fluid will be described in terms of pressure 7, For ¥ > 0 we shall assume that the



